STRONG COHOMOLOGICAL RIGIDITY OF TORIC 

VARIETIES 



SUYOUNG CHOI AND SEONJEONG PARK 



Abstract. Any cohomology ring isomorphism between two non-singular 
complete toric varieties (respectively, quasitoric manifolds) with second 
Betti number 2 is realizable by a diffeomorphism (respectively, homeo- 
morphism). 



1. Introduction 

A toric variety is a normal algebraic variety of complex dimension £ with 
an action of the algebraic torus (C*) having an open dense orbit. A typical 
example of a non-singular complete toric variety is the projective space CP e 
of complex dimension £ with the standard action of (C*) . 

The cohomological rigidity problem for toric varieties asks whether two 
non-singular complete toric varieties are diffeomorphic or not if their coho- 
mology rings are isomorphic as graded rings. Although the cohomology ring 
is known to be a weak invariant even under homotopy equivalence, no ex- 
ample providing the negative answer to the problem has been found yet. On 
the contrary, many results support the affirmative answers to the problem. 
We refer the reader to a survey paper [3] on this problem. One of remarkable 
results on this topic is that two non-singular complete toric varieties with 
second Betti number 2 (or Picard number 2) are diffeomorphic if and only 
if their cohomology rings are isomorphic as graded rings (see [5]). 

On the other hand, one can ask a stronger version of the cohomological 
rigidity problem for toric varieties as follows. Throughout this paper, H*(X) 
denotes the integral cohomology ring of a topological space X. 

Strong cohomological rigidity problem for toric varieties. Let M 

and M' be non-singular complete toric varieties. If ip is a graded ring iso- 
morphism from H*(M) to H*(M'), is there a diffeomorphism which induces 
the isomorphism </?? 

A realizability problem of a given cohomology ring automorphism by a dif- 
feomorphism is classical and important in algebraic topology. A projective 
space CP 1 is the only non-singular complete toric variety of complex dimen- 
sion 1, and it is easy to show that every cohomology ring automorphism is 
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realizable by a diffeomorphism. We note that since any toric variety of com- 
plex dimension I admits an action of (C*) , it also admits a canonical action 
of the ^-dimensional compact torus T e = (S 1 )^ C (C*) . For the complex 
dimension I = 2, Orlik and Raymond [15] showed that real 4-dimensional 
compact manifolds which admit well-behaved T 2 -actions can be expressed 
as connected sums of copies of CP 2 , CP 2 and CP 1 x CP 1 , and they are 
classified by their cohomology rings up to diffeomorphism, where CP 2 de- 
notes CP 2 with reversed orientation. By Wall |17j . any cohomology ring 
automorphism of such a manifold of dimension 4 with second Betti number 
fa < 10 is induced by a diffeomorphism. Hence, one can conclude that 
the answer to the strong cohomological rigidity problem is affirmative for 
complex 2-dimensional non-singular complete toric varieties with fa < 10. 

However, the negative answer is also known. For instance, not all co- 
homology ring automorphisms can be realizable by a diffeomorphism for a 
complex 2-dimensional non-singular complete toric varieties with fa > 10, 
see [9]. Furthermore, this implies that the answer to the strong cohomologi- 
cal rigidity problem for toric varieties of arbitrary dimension with sufficiently 
large fa may be negative. Hence, it is reasonable to ask the strong cohomo- 
logical rigidity problem for toric varieties of arbitrary dimension t with small 
fa. We note that since a non-singular complete toric variety with fa = 1 is 
a complex projective space CP^ and any automorphism of H*(CP^) is in- 
duced by a diffeomorphism on CP^, the strong cohomological rigidity holds 
for non-singular complete toric varieties with fa = 1- 

Motivated by the above, in this paper, we study the strong cohomological 
rigidity problem for non-singular complete toric varieties with fa = 2. The 
algebraic and smooth classifications of non-singular complete toric varieties 
with fa = 2 are well-studied in [2] and [5]- In order to do, we show that any 
cohomology ring automorphism of them is realizable by a diffeomorphism. 
Combining it with the fact that non-singular complete toric varieties with 
fa = 2 are smoothly classified by their cohomology rings [5], we have the 
following theorem. 

Theorem 1.1. Any cohomology ring isomorphism between non-singular 
complete toric varieties with second Betti number 2 is realizable by a dif- 
feomorphism. 



The notion of a quasitoric manifold was introduced in [8] as a topological 
analogue of a non-singular projective toric variet)Q. A quasitoric manifold 
M is a 2£-dimensional compact smooth manifold with a locally standard Tr- 
action whose orbit space can be identified with a simple polytope P. Every 
complex ^-dimensional non-singular projective toric variety with a restricted 
action of (C*)^ to T l is a quasitoric manifold of dimension 21. One remarks 
that any non-singular complete toric varieties with fa = 2 is projective, and 
hence, it is a quasitoric manifold. However, not all quasitoric manifolds can 
be toric varieties. For example, an equivariant connected sum CP 2 #CP 2 

"The authors would like to indicate that the notion of quasitoric manifolds originally 
appeared under the name "toric manifolds" in [8]. Later, it was renamed in Q] in order 
to avoid confusion with smooth compact toric varieties. As far as the authors know, there 
has been a dispute about the terminology. The authors have no preference; however, in 
this paper, they follow the terminology used in their previous papers. 
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of two CP 2 's with an appropriate T 2 -action is a quasitoric manifold with 
an orbit space a square A 1 x A 1 , although it is not a toric variety since it 
does not admit an almost complex structure. Hence, the class of quasitoric 
manifolds is larger than that of non-singular projective toric varieties^. 

Note that quasitoric manifolds with = 2 are topologically classified 
by their cohomology rings [7J. In this paper, we also investigate the strong 
cohomological rigidity for quasitoric manifolds as follows. 

Theorem 1.2. Any cohomology ring isomorphism between two quasitoric 
manifolds with second Betti number 2 is realizable by a homeomorphism. 

The remainder of this paper is organized as follows. In Section [21 we re- 
view the properties of quasitoric manifolds and the topological classification 
of quasitoric manifolds with fa = 2. In Section [3l we introduce a weighted 
projective space CP™ +1 and obtain quasitoric manifolds over A n x A 1 by 

doing an equivariant connected sum CP a n+1 #CP™ +1 or CP a n+1 #CP a n+1 - By 
using this, we show that any cohomology ring automorphism of such a qua- 
sitoric manifold is realizable by a diffeomorphism. In Section U we show the 
realizability of a cohomology ring automorphism for a non-singular complete 
toric variety with f$i = 2. In Section [5l we consider quasitoric manifolds over 
the product of simplices A n x A m which are not non-singular complete toric 
varieties. Finally, we complete the proofs of Theorems 11.11 and 11.21 in Sec- 
tion EJ 

2. Quasitoric manifolds with second Betti number 2 

In this section, we first review general properties of quasitoric manifolds 
from [8], [1] and [I]. We partially focus on the case that the second Betti 
number is 2. In addition, we recall the classification results in [5] and [7]. 

Let M be a 2£-dimensional quasitoric manifold over an ^-dimensional 
simple polytope P with d facets (codimension-1 faces). Let F be a k- 
dimensional face of P. Note that for the orbit map p: M — > P and for a 
point x E p~ 1 (F°), the isotropy subgroup at x is independent of the choice 
of x and is a codimension-A; subtorus of T , where F° denotes the interior 
of F. If F is a facet of P, then the p~ 1 (F) is fixed by a circle subgroup 
of T e . We define a function A: {Ft, . . . , F d j -> Kom(S 1 ,T e ) ^ Z', called 
the characteristic function of M, such that A(Fj) fixes the characteristic 
submanifold Mi := p~ 1 (F{) for i = 1, . . . , d, where {F±, . . . , Fd} is the set of 
facets of P. We note that A satisfies the following non- singularity condition; 

A(i ? j 1 ), . . . , X(Fi a ) form a part of an integral basis of Z £ 

(2.11 

whenever the intersection Fi l Pi - * - Pi Fi a is non-empty. 

Conversely, let us consider a function A: {Fi, . . . , F^} — > 1} satisfying 
(|2.ip and its matrix representation A = (A(Fi) • • • A(F^)) , called a char- 
acteristic matrix. For a characteristic matrix A and a face F of P, we denote 
by T(F) the subgroup of T e corresponding to the unimodular subspace of 
Z e spanned by X(F h ), . . . , A(F ic J, where F = F h n • • • n F ia . 



^In general, a non-singular non-pro jective complete toric variety may fail to be a qua- 
sitoric manifold. However, no such example has been known. 
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Given a characteristic matrix A on P, we construct a manifold 
(2.2) M(P, A) := T e x Pj ~, 

where (i,p) ~ (s,q) if and only if p = q and i s G T(P(p)), where P(p) is 
the face of P containing p G P in its relative interior. Then, the standard Tr- 
action on T^ induces a locally standard T^-action on M(P, A), and M(P, A) 
is indeed a quasitoric manifold over P whose characteristic function is A. 
Note that if A' is a matrix obtained from A by changing the signs of some 
columns, then M(P, A') is equal to M(P, A). 

Define a map 6: £(P) = {Pi, . . . , F d } -> Z d by 0(P;) = e i; where is 
the i-th coordinate vector. Using O, we get a T rf -manifold Zp = T d x P/ ~ 
as in construction f)2.2[) . Then the dimension of 2p is equal to d + £. The 
T rf -manifold -Zp is called a moment-angle manifold of P. For instance, 
is the (2£-\- l)-dimensional sphere 5 +1 . Note that for two simple polytopes 
P and Q, we have that Zp X Q = ZpxZq. Hence, Z^xA m = S 2n+1 x S 2m+1 . 
Let us consider the map Ij d — > Z^ which commutes the following diagram 




Then this map can be regarded as a homomorphism defined by x i-> Ax for 
any x G Z d . Throughout this paper, we denote this homomorphism by A if 
there is no confusion. Let K be the subtorus of T d corresponding to ker A. 
Then K acts freely on Zp, and the orbit space of K on Zp is the quasitoric 
manifold M(P,A). 

Two quasitoric manifolds M and M' over P are said to be equivalent 
if there is a #-equivariant homeomorphism / ': M — > M', i.e., /(i • x) = 
9{t) ■ f{x) for t G T^ and x G M, which covers the identity map on P for 
some automorphism 8 of T . One can see that M(P, A) and M(P, A') are 
equivalent if there is an element G in the general linear group GL(£, Z) of 
rank £ over Z such that A' = GA. 

There is a well-known formula for the cohomology ring of a quasitoric 
manifold with Z-coefficients. Let M be a quasitoric manifold over P with 
the characteristic matrix A = (Ay) i<i<<? . Then, 

l<?<d 

(2.3) H*(M(P,A)) = Z[ Xl ,...,x d ]/I P + J, 

where X{ is the degree-two cohomology class dual to the characteristic sub- 
manifold Mi , Xp is the homogeneous ideal generated by all square- free mono- 
mials Xi x ■ ■ ■ Xi a such that P^ IT • -nPj a is empty, and ^7 is the ideal generated 
by linear forms \i\X\ + • ■ • + Xid^di 1 < i < £■ Note that the second Betti 
number of M is equal to d — £. 

Let M be a quasitoric manifold with second Betti number fa = 2. Then 
the orbit space of M is a polytope of dimension i with £ + 2 facets. Hence, 
the orbit space is a product of two simplices A™ x A m (see [11]) for some n 
and m satisfying n + m = £. Let {Pi, . . . , P n +i} and {F{, . . . , P^+i} be the 
sets of facets of A n and A m , respectively. Then, each facet of A™ x A m is 



STRONG COHOMOLOGICAL RIGIDITY OF TORIC VARIETIES 



5 



of the form either Fi x A m or A™ x F'-. We may give an order to the facets 
of A™ x A m by 

FixA m ,...,F„x A m , A™ x F{, . . . , A" x F' m ,F n+l x A m , A n x F' m+1 . 

Since the first n + m = I facets meet at a vertex, up to equivalence, we may 
assume that the first I columns of the characteristic matrix A corresponding 
to M form an identity matrix. Furthermore, by the non-singularity condition 
(|2,ip . one can see that 



/I 



(2.4) 



A 



-1 

-1 
-ai 



V 



1 



-K 
-l 

-i J 



where 1 — a,jbi = ±1 for i = 1, . . . , n and j = 1, . . . , m (see more details in 
[7] ) . From now on, we denote such Ad by iVf a ]-> for sl — • • • 5 Q>m 

) and 

b = (61, . . . ,6 n ). By (|2.3p . the cohomology ring of M a ^ with Z-coefncients 
is 

/In m \ 

(xi + b iX2 ), x 2 ]J{a j x l + x 2 )J . 

A generalized Bott tower of height h, or an h-stage generalized Bott tower, 
is a sequence 



-D/i > &h-l > 



^B^B, 







{a point}, 



of manifolds B{ = P(C ® ©™=i^i,i)) where C is the trivial line bundle, £jj 
is a complex line bundle over -Bj_i for each z = 1, . . . , h, and P(-) stands for 
the projectivization. We call Bi an i-stage generalized Bott manifold. We 
remark that a 2-stage generalized Bott manifold provided by n = m = 1 
is known as a Hirzebruch surface [8\. Note that /i-stage generalized Bott 
manifolds are non-singular projective toric varieties with (3 2 = h, and are 
quasitoric manifolds over a product of h simplices. Moreover, by [1], a 
quasitoric manifold over a product of simplices has a non-singular complete 
toric variety structure if and only if it is equivalent to a generalized Bott 
manifold. Hence, every non-singular complete toric variety with f3 2 = 2 is a 
two-stage generalized Bott manifold. 

For the simplicity, we denote L a by a-times tensor bundle of L for any 
complex line bundle L over a base B. If b = 0, then M aj o is equivalent 
to a two-stage generalized Bott manifold P(C © ©j=i7 aj ), where 7 is a 
tautological line bundle over CP™. Furthermore, in (|2.5p . the generator 
x\ of H*(M at o) is —01(7), the negative of the first Chern class of 7, and 
the generator x 2 of H*(M a $) is the negative of the first Chern class of the 
tautological line bundle over P(C©0^ =1 r y a: >)- On the other hand, if a = 0, 
then a quasitoric manifold Mq^ is equivalent to a two-stage generalized 
Bott manifold P(C © ©™ =1 where 77 is a tautological line bundle over 
CP m , see Similarly, in (|2.5p . the generator 22 of H*(Mo,b) is — c i(v) 
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and the generator x\ of H*(Mq ^) is the negative of the first Chern class of 
the tautological line bundle over P(C ® ©™ =1 ri bi ). 

The following theorem gives a smooth classification of two-stage general- 
ized Bott manifolds. 

Theorem 2.1. [3] Let B 2 := P(C© 0™ =1 ^) and B' 2 := P(C©®™ l7 °i), 
where 7 denotes the tautological line bundle over B\ = CP™. TTie following 
are equivalent. 

(1) There exist e = ±1 anc? idGZ suc/i 

jti m 

(1 + ewxi) JJ(1 + e(a$ + w)xi) = ]J(1 + a^i) G H*CBi), 

i=i i=i 
where x\ = —01(7) € H 2 {B\). 

(2) B2 and ^2 are diffeomorphic. 

(3) H*(B 2 ) and H*(B' 2 ) are isomorphic as graded rings. 

If neither a nor b is a zero vector, then M a ^ cannot be equivalent to 
a two-stage generalized Bott manifold. Moreover, by (|2.4|) . we have either 
that the nonzero entries of a are ±2 and the nonzero entries of b are ±1, or 
that the nonzero entries of a are ±1 and the nonzero entries of b are ±2. 

The following theorem gives a topological classification of quasitoric man- 
ifolds with j3 2 = 2. 

Theorem 2.2. [7] Two quasitoric manifolds with second Betti number 2 are 
homeomorphic if and only if their integral cohomology rings are isomorphic 
as graded rings. 

Furthermore, a quasitoric manifold M with /3 2 = 2 which is not equivalent 
to a generalized Bott manifold should be homeomorphic to M S}T for some 
nonzero vectors 

s := (^"J, 0, . . . , 0) G Z m and r := (l^- J,> 0, . . . , 0) G Z™, 

s 

where s < [ m ^" 1 j and r < [^-^-\ ■ In particular, if both n and m are greater 
than 1, then M sr 's are all distinct and they can not be homeomorphic to gen- 
eralized Bott manifolds. If one of n and m is 1, then M ST is homeomorphic 
to 

(1) M ,i = CP™ l+1 #CP m+1 ifn = 1 andm is even; 

(2) either M ,i or M (2A ...,o),i = CP m+1 #CP m+1 ifn = 1 and mis odd; 

(3) M 2 q if n is even and m = 1; 

(4) either M 2t o or M^ho 0) if n i s °dd and m = 1, 

where ff denotes an equivariant connected sum and CP m+1 denotes CP m+1 
with reversed orientation. 

Since the orbit space of a quasitoric manifold M a ^ is A™ x A" 1 , M a ^ is 
a quotient of i?A n xA m = S ,2n+1 x S 2m+1 by a T 2 -action. More precisely, let 
us define a free action of two-torus -fT a ,b on S 2n+1 x 5' 2m+1 by 

(h,t 2 ) ■ ((wi, . . . ,w n+1 ), (zx, . . . , Z m+ i)) 

= ((hrfg-wi,. . . ,tit h 2 n w n ,tiw n+ i), (t1 1 t 2 z 1 , . . . ,t1 m t2Z m ,t 2 Z m+ i)). 
Then the orbit space S 2n+1 x S 2m+l / K a \> is the quasitoric manifold M a b- 
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Remark 2.3. Let ip be a graded ring automorphism of H*(M a j 3 ). Then 
there is a matrix (gij)i ; j=i ; 2 such that 511522 — 312521 = ±1 and 

( <p(vi)\ = f 311 3i2\ / xi\ 

Hence, Aut(iI*(M aj b)) can be regarded as a subgroup of GL(2,Z). 

3. Weighted projective spaces and their connected sum 

It is well-known that the quasitoric manifold Mi over A n x A 1 is the 
connected sum CP n+1 #CP n+1 , and the quasitoric manifold Mi (2,0,. ..,()) * s 
the connected sum CP n+l #CP n+1 . In this section, we shall show that 
quasitoric manifolds M2 ) o and M2 j n i o,...,o) over A n x A 1 can be expressed 
as the equivariant connected sum of weighted projective spaces, and then 
consider the realizability of the automorphism of H*(M a ^) when a = 1 or 
a = 2. 

Let us first look at the definitions and properties of weighted projective 
spaces. 

Definition 3.1. Let q = (qo, . . . ,qi) be any (£+l)-tuple of positive integers, 
with gcd(go) ■••>%) = !• The (complex) weighted projective space of weight 
q, denoted by CPq, is defined as the quotient of C^ +1 \ {0} by the weighted 
C*-action defined by 

C-(z ,...,z i ) = (C^z ,...,^z i ). 

Alternatively, CPq can be realized as the quotient of the unit sphere S 2e+1 C 
C^ +1 by the S^-action obtained by the restriction of the above C*-action to 
the unit circle S . 

Note that if go = ■ • ■ = Qe = 1> then CPq is the ordinary projective 
space CP 1 . The image of (C*) m C C m \ {0} in CP* is the quotient 
(C*)* +1 /C*, where we regard C* as the subgroup of (C*)* +1 via the map 
C H> (C 90 , • • • , C*)- Th en, the action of (C*) m on C m \ {0} descends to 
give an action of (C*) e = (C*) e+1 /C* on CP^, and, furthermore, CP^ is a 
projective toric variety which is not necessarily to be non-singular. 

Note that CPq is equipped with an action of the ^-dimensional torus 
= (5 1 )^ +1 /j q (5 1 ), where j q : S 1 -> {S 1 )^ 1 is the embedding defined by 
jq(C) = (C 90 ) • • • > C qi )- ^ i s well-known that CPq with the action of Tq is a 
toric Kahler orbifold, see [TO] for more details. 

We can also consider the real weighted projective space as follows, and it 
is the fixed set of the conjugation action on the weighted projective space. 

Definition 3.2. Let q := (qo, . . . , qi) be an (£+l)-tuple of integers. The real 
weighted projective space MPq is the quotient of the unit sphere S C M +1 
by the Z2 = {=Ll}-action defined by 

(-1) • (xo, ...,x e ) = ((-l) qo x , (-iyx e ). 

Hence, if all qiS are odd, then MPq is the ordinary real projective space 
RP e . 
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For a positive integer a, let q := (1, . . . , 1, a) G Z n+2 with qo = • • • = q n = 
1. We put CP™ +1 := CP™ +1 and T™ +1 := T™ +1 . That is, CP™ +1 is the 
quotient of 5 2n+3 by the £ -action of weight (1, . . . , 1, a), defined by 

C • (z , . . • , z n+ i) = (Cz , . . . , (z n , C a z n+ i). 

For any z = (zo, • • • , z n+ \) in S 2n+3 , the isotropy group of the 5 1 -action 
at z is the identity except if z = (0, ... ,0, 1). The isotropy group at z = 
(0, . . . , 0, 1) is n a , the group of the a-th roots of 1. Therefore, the weighted 
projective space CP™ +1 has a unique singularity at the point [0, ...,0, 1], 
modeled on C n+1 //i a . 

Let D (respectively, D') be a closed ball in CP™ +1 (respectively, CP« +1 ) 
containing the singular point, which is a sub-orbifold with boundary dif- 
feomorphic to D 2 ( n+1 ^ / [x a , where D 2 ( n+1 ) is the closed unit ball in C" +1 . 

By removing D and D' from CP™ +1 and CP™ +1 respectively, and gluing 
them along the boundary dD = S 2n+1 / fi a = 3D' via the diffeomorphism, 

we obtain a smooth manifold CP™ +1 #CP a n+1 ll 

As we seen in the introduction, a quasitoric manifold is a topological 
generalization of a non-singular projective toric variety. In fact, there is a 
notion of a topological generalization of a projective toric varieties not nec- 
essarily to be non-singular, which is called a quasitoric orbifold, introduced 
by several literatures such as [8], [12], and [16]. 

Suppose that P is a simple polytope of dimension I with d facets Pi, . . . , P^. 
A function A: {Pi, . . . , P^} — > 7L l is called a rational characteristic junction 
if it satisfies 

A(Pj 1 ), . . . , A(Pj a ) are linearly independent over Z whenever 
the intersection F{ x D • • • PI Pi Q is non-empty. 

Each vector A(Pj) is the rational characteristic vector corresponding to Pj. 
Let K be the subtorus of T d corresponding to the kernel of A. Then K acts 
on Zp with finite isotropy groups. We denote the orbit space of K on Zp 
by Q(P, A) and call it the quasitoric orbifold corresponding to (P, A). By 
giving an ordering on the set of facets of P, it is convenient to represent 
the rational characteristic function A by the rational characteristic matrix 
A = (A(Pi) ••• A(Prf)). For simplicity, we sometimes use the notation 
Q(P, A) instead of Q(P, A). We note that a singular projective toric variety 
is a quasitoric orbifold. Since Z A e is S 2l+l and the subtorus K corresponding 
to the kernel of a rational characteristic function on is a circle with a 
suitable weight, a weighted projective space CPq is a quasitoric orbifold over 
Af 

Let us find the characteristic function A corresponding to CP™ +1 . Note 
that for each i = 0, . . . , n + 1, the sub-orbifold Qi of CP" +1 described by 
Zi = is fixed by the quotient of the (i + l)-th coordinate circle of T n+2 . We 
identify T™ +1 and T n+1 via the map which sends the (i + l)-th coordinate 
circle of T n+2 to the i-th coordinate circle of T n+1 for i = 1, . . . ,n + 1. 

^Note that if we do a connected sum at the non-singular point, then the connected sum 
CP,T +1 #CPa n+1 or CP" +1 #CP a " +1 has still singular points. In this paper, we consider 
only the case that both CP" +1 #CPa +1 and CP" +1 #CP™ +1 are smooth manifolds which 
are the connected sums at the singular points. 
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Since [£, 1,...,1] = [1,£ , . \C a ] m the first coordinate cir- 

cle of T n+2 is identified with the circle subgroup of T n+1 generated by 
(C _1 , . . • , C~\ C~ a )- Moreover, the torus T n+1 acts on CP™ +1 as follows: 

(t\, . . . , t n+ i) • [Zq, . . . , Z n+ i) = [Zo, t\Z\, . . . , t n+ iZ n +i]. 

Then, for each i = 1, . . . , n + 1, Qi is fixed by the i-th. coordinate circle of 
T n+1 , and Qq is fixed by the circle generated by (—1, . . . , —1, —a) € Z n+1 = 
Hom(5' 1 , T n+l ). Let us denote each facet of A n+1 corresponding to Qi by 
Fi, and its characteristic function by A: {Fq, Fi, . . . , F n } — > 
the rational characteristic matrix corresponding to CP™ +1 is 

/- 



7n+l 



Then, 



(3.1) A a :=(A(F ) X(F 1 



A(F„ +1 )) 



-1 
-1 

-1 

-a 



V 



In particular, a fan of CP™ + as a projective toric variety is obtained by 
taking cones generated by all proper subsets of 

{-ei e n - ae n+ i,ei, . . . ,e n+ i}. 

Now, consider a two-stage generalized Bott manifold -P(C©7 a ), where 
7 is the tautological line bundle over CP n . The relationship between the 
weighted projective space CP™ +1 and the projective bundle P(C©7 a ) over 
CP n is provided by the following lemma. 

Lemma 3.3. Let a > 1. Then, a projective bundle P(C 7 ) over CP n is 
t/ie blow-up o/CP a re+1 af i/ie singular point. 

a ) is generated by one 



Proof. Each one-dimensional cone in a fan of P(C 
of elements in 



S := {-ex 



ae 



n+l, 



-i,ei, . . . , e n+ i}. 



We get a fan of CP™ +1 by taking the cones generated by all proper subset 
of the set S \ {— e n+ i}, see Figure [TJ Note that the cone generated by 



{-ei 



e n — ae n+ i,ei, . . . , e n } is corresponding to the singular point 



[0, ... ,0,1] of CP a n+1 , and -ae n+1 = (-e x e n -ae n+ i) + ei + - 

Hence, P(C © 7 ) is the blow-up of CP™ +1 at the singular point. 



■ + e„, 
□ 





Figure 1 . A Hirzebruch surface is a blow-up from CP^ 1 a ^ . 
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Consider (n + 1) x (n + 2) matrices of the form 

/: 1 ±1 \ 

±1 ±1 



A 



±1 



±1 

\±a ±1J 

Then A is a rational characteristic matrix on A" . Since the row opera- 
tion of A whose determinant is ±1 is corresponding to an automorphism of 
T n+1 , and the sign change of the column vector does not affect the subgroup 
generated by column vectors, we can see that Q(A n+1 , A) is equivalent to 
the weighted projective space CP™ +1 with a suitable T n+1 -action. 



Lemma 3.4. 

(2) Letr 



(1) For a > 0, M ai0 is homeomorphic to CP™ +1 #CPa 
(1, . . . , 1, 0, . . . , 0) G Z n . Then, M2, r is homeomorphic to 



>n+l . 



(a) CP™ +1 #CP 2 n+1 ifr is even; 

(b) CP 2 n+1 #CP 2 n+1 ifr is odd. 



Proof. By Lemma [331 P(C07 a ) is diffeomorphic to CP Q n+1 #CP ( T' + 1 . Since 
M ai0 is equivalent to P(C@-y a ), M aj0 is homeomorphic to CP" +1 #CPa +1 - 
Hence, the statement (1) holds. 

We can show the statement (1) in another way. Note that A + in (|3.ip is 
a rational characteristic matrix corresponding to CP™ +1 and it gives a fan 
CP a n+1 . 

Near the singular points both [0, . . . , 0, 1] € CP™ +1 and [0, . . . , 0, 1] G 

CP™ +1 , they have the same singularity and the same characteristic vectors: 
ex, . . . , e„, and — ei — ■ ■ ■ — e n — ae n+ \. Hence, we can do an equivariant con- 
nected sum CP a n+1 #CP a " +1 by removing the singular points, see Figure [2j 




# 





Figure 2. CP^#CP^ is equivalent to a Hirzebruch surface. 

Note that the orientation of CP™ +1 is associated with the orientation of 
A n+i c R n+i_ Then the characteristic matrix of CP a n+1 #CP a n+1 is 



fl 



\ 



-1 
-a I J 
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Since the characteristic vector is determined up to sign, CP" +1 #CP^ +1 is 
equivalent to M a $. 

Now let us prove the statement (2). Let r be the number of nonzero 
components of r. Then, as in (|2.4j) . the characteristic function of M 2 r is 



/I 



1/ 



V 1 

where the order in $(A n x A 1 ) is 

Fi x A 1 , ...,F n x A 1 , A" x F{, F n+1 x A 1 , A n x F' 2 . 

We note that its orbit space A n x A can be identified with A n+1 #A n+1 , 
where # is a polytopal connected sum. Then, two subsets {Fi x A 1 , . . . , F n+ \ x 
A 1 , A" x F{} and {Fi x A 1 , . . . , F n+1 x A 1 , A" x F^} of 5(A n x A 1 ) become 
the set of facets of each simplex A ra+1 . Hence, by an appropriate re-ordering 
of facets of each simplex, M 2jr is equivalent to the equivariant connected sum 
Q(A" +1 ,A 2 )#Q(A" +1 ,A), where 



•1 1 

1 
1 



-1 
V-2 



1 
-1/ 



Since 



A 



Z 1 




1\ 


r 1 




o\ 




1 


1 


1 


1 







1 





-1 


1 









1 


-1 




1 


V 




1/ 


V-2 




-1/ 



Q(A n+1 ,A) is equivalent to CP 2 n+1 . 
CP 2 n+1 #CP 2 " +1 or CP 2 n+1 #CP 2 n+1 . 



Therefore, M2 r is equivalent to either 



In particular, by Theorem 5.5 of [7], 

M 2)0 



if n is even, 
if n is odd, 



CP 2 n+1 



#CP 2 n+1 



- M 2 , r 

- M 2 , r 



2,0 



CP 2 n+1 #CP 2 " +1 for even r, and 



2,(1,0,...,0) 



CP 2 n+1 



#CP 2 n+1 for odd r. 
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This proves the statement (2). □ 



Now, let us compute the cohomology ring of CP" +1 #CP a n+1 . Letting 

X := C P a w+1 \ D° and Y := Cp? +1 \ D°, we can see that X U Y = 

CP" +1 #CP a ™ +1 and X n Y = dD, where D is the interior of a closed 
ball D containing the singular point. Note that X is homotopy equivalent 
to the characteristic sub-orbifold Qn+i = CP™ described by z n+ \ = in 
CP™ +1 , and so is Y. Since dD = S 2n+1 /fi a is a lens space, the cohomology 
of S 2n+1 /fi a is: 

[ Z if t = 0, 2n + l, 
(3.2) iP(S' 2 " +1 //^) = < Z a if i is even, 2 < t < 2n, 

I otherwise, 

see [13] for the cohomology of lens spaces. Consider the Mayer- Vietoris 
sequence for the pair (X, Y): 



► W(<C,P2 +1 #CP£ +l ) -> ^(CP a n+1 \ D°) P" i (CP a n+1 \ D°) 

H\S 2n+1 /na) -»■ P l+1 (CP" +1 #CP a n+1 ) 

Since H odd (CP n ) = and H even (CP n ) = Z, from ([22]) and ([231), we can 
see that 

Z if j = 0, 2n + 2, 

■" +J — '"' r> "^ 1 1 - J Z Z if j is even, 2 < j < 2n, 
otherwise. 



Let tt and u be the generators ofP*(X) = H*(CP n ) andP*(Y) = H*(CP n ), 
respectively. Since H 2l (dD) = Z a for i = 1, . . . , n, we can see that aw* and 
au J are contained in H 2l (X U Y) for i = 1, ... ,n. Since two submanifolds 
CP n C X and CP n C V cannot meet in X U Y, we have mjj = 0. Since X 
and Y have the different orientation, u n+1 = —v n+1 . 

The cohomology group of CP™ +1 #CP™ +1 is equal to the cohomology 

group of CP? +1 #CP? +1 in each de gree. Furthermore, their cohomology 
rings have the same properties except u n+1 = — v n+1 . From the reason of 
the orientation, we have u n+1 = v n+1 in CP™ +1 #CP™ +1 . 

Now assume that ab = 2. By Lemma E21 CP™ +1 #CP a n+1 = M a ,o and 
CP" +1 #CP™ +1 = M a a Qj ___ j0 \ . Hence, by using the cohomology formula 
(|2.5p . we compute their cohomology rings as follows: 



P*(CP a n+1 #CPT +1 ) = Z[x 1 ,x 2 ]/{x1 +1 ,x 2 {ax 1 +x 2 )), and 

PP(CP^ +1 #CP a n+1 ) = Z[xi, x 2 ]/(x?(ari + fcc 2 ), x 2 (oa;i + x 2 )>. 

Furthermore, by (j3.3f) . we have that the images of ax% + x 2 and x 2 are cm 
and av, respectively. 

Proposition 3.5. Assume a = 1 or a = 2. Then, the ring automorphism 
groups Aut(P*(CP a n+1 #CP a n+1 )) and Aut(P*(CP a n+1 #CP a n+1 )) are reafc- 
aWe 6y diffeomorphisms. 



Proof. If n = 1, then CP a 2 #CP a 2 is a Hirzebruch surface, and CP 2 2 #CP 2 2 is 
diffeomorphic to CP 2 #CP 2 . By [2] or [T7], all ring automorphisms on their 
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cohomology rings are realizable by diffeomorphisms. From now on, let us 
assume that n > 1. 

We first compute the ring automorphism groups of PT*(CP" +1 #CPa +1 ) 
and #*(CP™ +1 #CP™ +1 ) as subgroups of GL(2,Z) (see Remark E5D - For 
each case, since there is only one relation :r 2 (axi + x 2 ) = such that a 
product of two degree-two elements is zero up to scalar multiplication, an 
automorphism should send {x 2 , axi+a^} to {x 2 , ax\+X2\ up to sign. Hence, 
there are at most 8 automorphisms. 

Note that the cohomology rings of CP a n+1 #CP? +1 and CP a n+1 #CP™ +1 
are determined by the generators u G H 2 (X) and v G H 2 (Y), where X and 

Y are as above. Since u n+1 = -v n+1 in CP a n+1 #CP a ™ +1 and u n+1 = v n+1 in 
CP™ +1 #CP™ +1 , for even n, there is no automorphism (u, v) i— >■ ±(u, — u) of 

neither #*(CP™ +1 #CP a n+1 ) nor P*(CP" +1 #CP a n+1 ). Hence, if n is even, 
then 

Aut (iJ * (CP a n+1 #CP a n+1 ) ) 

-{C. Ho ?)} 

= Aut(p:*(CP™ +1 #cp ( r +1 )) 
^ (Z 2 ) 2 . 

If n is odd, then 



Aut(#*(CP Q n+1 #CP a n+1 )) 




= Aut(p:*(CP™+ 1 #cp™+ 1 )) 

^ (Z 2 ) 3 . 

We consider an involution s on CP™ +1 defined by 
s : [zq, Zn+i] >->• [Zo, ■ ■ ■ ,Z^+l]- 
For odd n, we consider another involution t defined by 

t: [zq, • • • , Zn+i] i-> [— Zo, . . . , — Zk-l,Zk, ■ ■ ■ , z n+ i], 

where k = Observe that 

(1) s reverses the orientation of the submanifold CP™ = {z n+ \ = 0}, 
and fixes a real weighted projective space MP™ +1 ; 

(2) the fixed point set of t is the disjoint union of {z k = ■ ■ ■ = z n+ i = 
0} = CP^ 1 and {z = ■ ■ ■ = z fe _i = 0} = CP a fe ; 

(3) the point [0, . . . , 0, 1] is fixed by both s and t. 

Note that if a = 1, then [0, ... ,0, 1] is a smooth point. If a = 2, both 
[0, . . . , 0, 1] G MP a n+1 and [0, . . . , 0, 1] G CP a fc have the same singularity, that 
is, [0, . . . , 0, 1] G MP a n+1 is locally modeled by R n+1 /fi 2 , and [0, . . . , 0, 1] G 
CP„ is locally modeled by C fc /^2- 
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Type 1. We consider the involution s on both CP™ +1 and CP™ -1-1 . Take 
an equivariant connected sum of CP a n+1 and CP a n+1 at [0, . . . , 0, 1]. Then 
the resulting involution on CP" +1 #CP™ +1 sends (u,v) to (—u,—v). 

Type 2. We consider the involution s on CP™ +1 and t on CP™ +1 . Take 
an equivariant connected sum of CP a n+1 and CP a n+1 at [0, . . . , 0, 1]. Then 

the resulting involution on CP" +1 #CP™ +1 sends (u,v) to (—u,v). 

Type 3. Let D be a sub-orbifold with boundary which is diffeomorphic 
to £> 2 ( n+1 )//i a , where P> 2 (™ +1 ) is the closed unit ball. Then CP a n+1 #CP^ +1 
is obtained by removing a sub-orbifold with boundary D 3 [0, . . . , 0, 1] from 

CP™ +1 and CPa +1 respectively and gluing together along the boundary dD 
via the diffeomorphism, so that it admits a reflection with respect to the 
dD, which maps CP™ +1 \ D to CP™ +1 \ D. This reflection sends (u, v) to 
(v,u). 

Then Type 1 is corresponding to f ^ , Type 2 is corresponding to 

-1 -2\ /-l 0\ 

q ^ a ) , and Type 3 is corresponding to I ^ J . 

Combining the diffeomorphisms of the three types above, one can realize 
any element of Aut(F*(CP a n+1 #OT +1 )) for a = 1, 2. 

Since we can use the same process to CP" +1 #CP™ +1 , we can realize any 
element of Aut(#*(CP a " +1 #CP™ +1 )) for a = 1, 2. □ 

Remark 3.6. In general, if a is odd, [0, . . . , 0, 1] G is smooth, and 

if a is even, [0, ... ,0, 1] G MP™ +1 has an isotropy group //2- On the other 
hand, [0, ... ,0, 1] G CP^ has an isotropy group /i a . Hence, Type 2 is only 
possible when a = 1 or 2. 

Combining Lemma 13.41 and Proposition 13.51 we obtain the following. 

Corollary 3.7. Assume that a = 1 or 2. Then for a quasitoric manifold 
M a7 }j, any automorphism of H*{M a ^) is realizable by a homeomorphism. 

4. Two-stage generalized Bott manifolds 

In this section, we restrict our attention to two-stage generalized Bott 
manifolds. We shall show that any cohomology ring automorphism of a 
two-stage generalized Bott manifold is realizable by a diffeomorphism. In 
order to do that, we prepare the following two lemmas. 

Lemma 4.1. [Lemma 5.2 [5]/ Let E and E' be Whitney sums of complex 
line bundles over a complex projective space CP n of the same dimension. If 
E and E' have the same total Chern classes, then E and E' are isomorphic. 

Lemma 4.2. [Lemma 6.2 [5]/ Let M = P(C © 7"*) and M' = F(C© 
©™ 1 7 <li ) be projective bundles over a complex projective space B = CP n . 
Assume that m is greater than 1, then every cohomology ring isomorphism 
ip: H*(M) -> H*(M') preserves the subring H*(B) unless M is CP n xCP m . 

Now we can show the realizability of a cohomology ring automorphism of 
a two-stage generalized Bott manifold. 



STRONG COHOMOLOGICAL RIGIDITY OF TORIC VARIETIES 



15 



Proposition 4.3. Let E := C © (Bj=i l aj be the Whitney sum of complex 
line bundles over CP n . Then, any graded ring automorphism of H*(P(E)) 
is induced by a diffeomorphism. 

Proof. Since any cohomology ring automorphism of a product of complex 
projective spaces is induced by a diffeomorphism [6], we may assume that 
P(E) is a non-trivial fiber bundle. 

Note that P(E) is a Hirzebruch surface if n = m = 1. Any cohomology 
ring automorphism of a Hirzebruch surface is realizable by a diffeomorphism 
by [2] or p2]. 

If m = 1 and 1 < a x < 2, then P{E) is diffeomorphic to CP£ +1 #CP£ +1 . 
Hence, by Proposition 13.51 any automorphism of H*(P(E)) is realizable by 
a diffeomorphism. 

Hence, the remaining cases are (i) m > 1 and (ii) m = 1, n > 1, and 
ai > 2. Note that 



where a?i = -01(7) € H 2 (CP n ) C H 2 (P(E)) and x 2 € H 2 (P(E)) is the neg- 
ative of the first Chern class of the tautological line bundle over P{E). We 
first claim that any cohomology ring automorphism of H*(P(E)) preserves 
the subring H*(CP n ) in each case. 

In the first case, i.e., if m > 1, by Lemma 14.21 any automorphism of 
H*(P{E)) preserves the subring H*(CP n ). 

Now, we consider the second case, i.e., m = 1, n > 1, and a\ > 2. Let 
be a ring automorphism of H*(P(E)). Since n > 1, there is only one 
relation ^(oi^i + ^2) = such that a product of two degree-two elements 
is zero up to scalar multiplication. Thus, ip should send {x2,aixi + X2} 
to {x2,a\Xi + X2} up to sign. Suppose (p(a\Xi + £2) = ±(ai£i + X2) and 
( f{x2) = =F^2- Then <p(xi) = ±(x\ + ^£2). Since a\ > 2, ip cannot be an 
isomorphism. Therefore, there are only four automorphisms of H*(P(C(B 
7 ai )) as follows: 



Hence, in any cases, every ring automorphism of H*{P{E)) preserves the 
subring H*(CP n ), which proves the claim. 

Let (p be a ring automorphism of H*(P(E)). By the above claim, (f{x\) = 
±x\. Since any automorphism of H*(CP n ) is induced by a diffeomorphism, 
we may assume that <p(xi) = x\. 

We write p(x2) = e^2 + Axi, where e = ±1 and A S Z. 
(I) We assume that <y?(£ 2 ) = x 2 + Ax±. Since ip(x2 r[j=i( a j x i + x "i)) = 





in H*(P(E)), we have 



m m 



(4.1) 
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as a polynomial of a variable x 2 and with coefficients in H*(CP n ). Com- 
paring the coefficients of x™ in both sides of (|4. 1 1) . one can see that A = 0. 
Hence, <p is the identity which is obviously induced from the identity map 
o£P(E). 

(II) Now assume that <p(x2) = —X2 + Ax\. Since (p(x2 YYj l =i( a j x i + ^2)) = 
in H*(M), we have 

m m 

(4.2) (-x 2 + Axi) ~[[{-X2 + {A + aj) Xl ) = {-l) m+1 x 2 \\{x 2 + a jXl ) 

i=i 3=1 
as a polynomial. By substituting X2 = 1 into (|4.2|) . we obtain 

(4.3) (l-Aci)(l-(A+oi)a;i) • • • (l-(A+a m )xi) = (1+oisi) • • • (l+a m xx) 

in H*(CP n ). Since E possesses a Hermitian metric, its dual bundle E* = 
Hom(E, C) is canonically isomorphic to the conjugate bundle C © 7~ ai © 
... j-a m gy L emma 14. n the equation (|4.3|) implies that 

£* 7 _A = 7 _A © j- A - ai © • • • © 7 " A " a ™ = C © 7 Ql © • • • © 7 am = E 

as complex vector bundles over CP n . 
Now let 

h: P(E) P(P*) 

be the bundle isomorphism as fiber bundles which is induced by a map 
/i: P — >• P* by /i(u) =< u, • >, where < , > is a Hermitian metric on E. If 
y is the negative of the first Chern class of the tautological line bundle over 
P(E*), then h*(y) = -x 2 . 

For each q E CP n , we choose a non-zero vector v q from the fiber of -y~ A 
over q and define a map g: E* — > P* © 7 _j4 by g(«g) = u q ®v q , where u q is 
an element of the fiber of E* over q. The map g depends on the choice of 
v q s but the induced map g: P(E*) — > P(E* © 7 _j4 ) does not because 7 _j4 
is a line bundle. Then the map 

g: P(P*) -»■ P(P* ©7^) = P(E) 

preserves the complex structures on each fiber. Therefore, it induces a com- 
plex vector bundle isomorphism TVP(P*) — > TfP(E* © J~ A ) between their 
tangent bundles along the fibers. According to the Borel-Hirzebruch for- 
mula, their total Chern classes are respectively 

(1 + y)(l - a x xi + y) ■ • • (1 - a m x x + y) 

and 

(1 - Ax 1 + x 2 )(l - Ax\ - o.\X\ + x 2 ) • • • (1 - Aci - a m xi + x 2 ). 
Since g*( Cl (T f (P(E)))) = a(T f (P(E*))), we have 

(m \ m 

(m + l)(x 2 _ ^1) _ X/ ^ 1 = ("i + l)y - y^Qjgi. 
i=i / i=i 

Since the map g covers the identity map on CP™, g*(x 2 ) = y + Ax\. There- 
fore, 

h*(g*(x 2 )) = -x 2 + Axi = ip(x 2 ). 
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By (I) and (II), any ring automorphism (p is induced by a diffeomorphism. 

□ 

5. QUASITORIC MANIFOLDS OVER A n X A m 

In this section, we are going to show that any cohomology ring automor- 
phism of a quasitoric manifold with second Betti number 2 is realizable by a 
homeomorphism. As we seen in the previous section, any cohomology ring 
automorphism of a two-stage generalized Bott manifold is realizable by a 
diffeomorphism. Hence, we only need to consider quasitoric manifolds over 
A n x A m which are not equivalent to a two-stage generalized Bott manifold. 

Let M &i b be a quasitoric manifold over A n x A m . By Theorem 12.21 it 
is enough to consider the case when a = s = (2, . . . , 2, 0, . . . , 0) ^ and 
b = r = (l,...,l,0,...,0) 

Proposition 5.1. Let M s r be a quasitoric manifold over A n x A m , where 
two nonzero vectors s and r are of the forms 

s := (2, . . . , 2, 0, . . . , 0) G X m and r := (1, . . . , 1, 0, . . . , 0) G Z n . 

s r 

Then any element of Aut(iT*(M s r )) is induced by a homeomorphism. 

Proof. Before the proof, the authors would like to inform that the detailed 
computation of Aut(.ff*(M s r )) can be found in the proof of Theorem 6.2 
in [7j. Even though it is one of key parts of this proof, in order to avoid 
the repeated elementary computation, we just use the result here without 
detailed calculation. 

If n = 1 or m = 1, any automorphism of H*(M S)r ) is realizable by a 
homeomorphism by Corollary 13.71 

Now, assume that both n and m are greater than 1. 

(I) If s + *2±I an d r ^ a±l ) then 

Aut(iT(M s , r )) = {(j J)^" 1 _° 1 )}=^2. 

Define a homeomorphism /: S 2n+1 x S 2m+l -)■ S 2n+l x S 2m+1 by 

((wi, . . .,w n+ i), (z 1 , z m+1 )) H> ((wi, ■ ■ . ,5%+T), (zi,... ,^+T))- 

Then / preserves the orbits of if SiI .-action defined in Section [2l Hence, / 
induces a homeomorphism from M S;r = 5' 2n+1 x S 2m+1 / K Sjr to itself. Let / 
be the homeomorphism induced from /. Then /* is represented by a matrix 
/— 1 \ — * 

I j J , and hence, {/ } generates Aut(M S)r ). 

(II) If s = m±k and r ^ 2±i, then 

;),(- ^.(i _»,).(- ;)} 

= Z 2 x Z 2 . 

Define a homeomorphism 5 : 5 2n+1 x 5 2m+1 -4 5 2n+1 x S 2m+1 defined by 
((w 1 ,...,w n+1 ),(z 1 ,...,z m+1 )) 

(-> ((wi, . . . ,w r ,uv+T, . . . , w n+ i), (z s+ i, . . . ,z m+ i,zi, . . . ,z s )), 
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and then g preserves the orbits of if^-action on S 2n+1 x S 2m+1 . 

Let ~g be the homeomorphism induced from g. Then g* is represented by 

(— 1 0\ — * _ 

a matrix I I , and hence, the set {/ ,g*} generates Aut(iJ*(M S)I .)). 

(Ill) If s + and r = ^±1, then 



Aut(fl"*(M 8>r )) 



i o\ /-i o /-i -i\ /i i 

1 ' -1 ' 1 ' -1 



= Z 2 x Z 2 . 

Define a homeomorphism /i : ,S> 2n+1 x S 2m+1 ->■ S 2n+1 x 5' 2m + 1 defined by 
((wi, . . . ,w n+1 ), (zu . . . , z m+ i)) 

(->■ ((lWr+1) • • • , W„+i, Wi, . . .,W r ), Ol, • ■ • ,Z S ,Z^~[, • • • ,1^+T))- 

and then h also preserves the orbits of iT Sir -action on S 2n+1 x S 2m+l . 

Let /i be the homeomorphism induced from h. Then h is represented by 

/ 1 1 \ — * — * 

a matrix I J , and hence, the set {/ , h } generates Aut(ff*(M s r )). 

3d. 

2 

Aut(iT*(M sr )) 



(IV) If s = and r = ^±1, then the set {/*, ff*, /i*} generates 



i ow-i o w i o w-i o\ -i -i\ i i 

1 ' -W'l-2 -l/'\2 1 ' 1 i'lo -1 



□ 



6. Proofs of Theorems 11.11 and 11.21 

Proof of Theorem Let M and M' be quasitoric manifolds with second 
Betti number 2. If tp: H*(M) —¥ H*{M') is an isomorphism as graded 
rings, then there exists a homeomorphism / : M — > M' by Theorem 12.21 
Then / induces a graded ring isomorphism /* : H*{M') — > H*{M). Then 
/* o tp is a ring automorphism of H*(M). Hence, by Proposition 14.31 and 
Proposition I5.lt there exists a homeomorphism g: M — > M such that g* = 
f* oip. Hence, tp is realizable by a homeomorphism go see the following 
diagram. This proves Theorem 11.21 

H*(M) 




v H*(M) 
H*(M') 

Proof of Theorem \l.l\ In the above proof of Theorem 11.21 if M and M' are 
non-singular complete toric varieties, then / and g are diffeomorphisms by 
Theorem 12.11 and Proposition 14.31 This proves Theorem ll.il □ 




□ 
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